
Partially Invariant Solutions 
for Two-dimensional Ideal MHD Equations 
D.-A. Becker and E. W. Richter 
Institut für Mathematische Physik, Technische Universität Braunschweig 

Z. Naturforsch. 45 a, 1219-1229 (1990); received July 4, 1990 

A generalization of the usual method of similarity analysis of differential equations, the method 
of partially invariant solutions, was introduced by Ovsiannikov. The degree of non-invariance of 
these solutions is characterized by the defect of invariance d. We develop an algorithm leading to 
partially invariant solutions of quasilinear systems of first-order partial differential equations. We 
apply the algorithm to the non-linear equations of the two-dimensional non-stationary ideal MHD 
with a magnetic field perpendicular to the plane of motion. 
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The usual method of similarity analysis of part ial 
differential equat ions leading to group-invariant solu-
tions is well described in the literature [1, 2]. A gener-
alization of this method was introduced by soviet 
authors , especially Ovsiannikov [1]. It leads to solu-
t ions fulfilling a less s t rong invariance demand, called 
partially invariant solutions, which have a higher de-
gree of f reedom than invariant solutions. This may be 
impor tan t for adapt ing them to initial or bounda ry 
condit ions. Apar t from simple demonst ra t ion exam-
ples, Ovsiannikov 's method has scarcely been applied 
to physical equations, perhaps as a result of its com-
plexity. In this paper, we develop an algori thm appli-
cable to quasil inear systems of first-order part ial dif-
ferential equat ions which yields two reduced systems 
leading to partially invariant solutions of the original 
system. Such solutions are characterized by the defect 
of invariance Ö, which can be considered as their de-
gree of non-invariance. F o r the simplest case, Ö = 1, we 
apply the algori thm to the two-dimensional non-
s ta t ionary ideal M H D equations. These equat ions 
represent the isentropic mot ion of a two-dimensional 
plasma, if the magnetic field is perpendicular to the 
plane of mo t ion and dissipative effects like thermal 
conduct ivi ty and electrical resistance are neglected. A 
detailed g r o u p analysis of this system has been done 
by Fuchs and Richter [3], who found its maximal 
symmetry g r o u p and a number of similarity solutions, 
as well as by Galas and Richter [4], who carried out 
the classification of its invariant solutions including 
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the determinat ion of opt imal systems up to dimen-
sion 3. Every group- invar iant solution is partially in-
variant with respect to any symmetry g roup which 
contains the regarded as a subgroup. In some cases, 
depending on the regarded symmetry group, the men-
tioned algori thm will yield only solut ions which can 
also be found by the simpler me thod as invariant 
solutions. Therefore it seems desirable to recognize 
such cases as early as possible in order to exclude 
them f rom fur ther computa t ions . We show how this 
can be done by means of Ovsiannikov 's reduction 
theorem. In this paper we assume tha t the reader is 
familiar with the basic tools of the similarity analysis. 

1. The Concept of Partial Invariance 

In what follows, we give a short review of the under-
lying mathemat ica l concepts. F o r the details of the 
theory see [1]. We consider an r-dimensional t ransfor-
mat ion g roup G act ing on R N with the infinitesimal 
generators 

N y 8 
Z « T T > i = l> r • 

fc= 1 ox* 

The number r* := max rank (a*) is called the geometri-
cal dimension of G. A subset M a 1RN given by m 
equat ions ^ ' ( x 1 , . . . , xN) = 0, i = l , . . . , m with m f ^ N 
and rank SO// 1 , . . . , ij/m)/dx = m for x = ( x \ . . . , xN) e M 
is an (N — m)-dimensional differentiable manifold in 
IRV. Its orbit under G is defined by 

0 g ( M ) : = {g{x)\x e M, g G G}. 
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It can be shown that the inequality 

dim M ^ dim &G (Af) ^ min {r* + dim M, N] 

holds. By subtract ion of dim M we can define the 
defect of invariance (5 of M : 

0 ^ ö := dim 0 G ( M ) - dim M ^ min {r*, m}. 

If <5 = 0, then @0{M) is locally identical to M and M is 
called invariant. If 0 < ö < min {r*, m}, then M is called 
partially invariant with respect to G. F o r a given 
manifold M the defect can easily be calculated by the 
formula 

Ö = max rank (X; iJ / j ( x ) ) . 
X E M 

Since (SG (M) is an invariant manifold, it can be repre-
sented by m — b equat ions containing only invariants 
of G. Let t be the number of independent invariants of 
G. The dimension of &G(M), projected to the space of 
invariants, is then given by g : = t — m + <5. This number 
is called the rank of invariance of M with respect to G. 
The behaviour of a manifold M under a t ransfor-
mat ion group G is characterized by its rank and de-
fect. If g' and <5' denote the rank and defect of the same 
manifold M with respect to a subgroup G' c= G, it can 
be shown that g ' ^ g and <5' If a subgroup G' c G 
can be found in such a way that g' = g and 5' = 5, the 
pair (M, G) is said to be reducible to (M, G'). Maximal 
reduction takes place if g' = g and <5' = 0, that is, M is 
invariant under the t ransformat ions of G'. A manifold 
M which is partially invariant under G but not invari-
ant under some subgroup of G is called a proper par-
tially invariant manifold. We now consider a system of 
first-order partial differential equat ions 

with 

Fl{x, u, ux) = 0, i = l , . . . , / . (1) 

Here and in what follows, we use the nota t ion 
x = ( x \ . . . , x"), u = (u\ ..., um), ux = (u*i,..., h™„). The 
restriction to first-order equat ions is not essential in 
this paragraph. We presume that (1) fulfills the maxi-
mal rank condit ion rank d{Fl,..., F ' ) /6(x , u, ux) = l. 
Let a solution of this system be given by u = (p(x), 
ux = d(p{x)/dx. It is called a (partially) invariant solu-
tion with respect to G, where G has to be a symmetry 
g roup of (1), if its graph {(x, u)\u = (p(x)} cz lR" + m is a 
(partially) invariant manifold in IR"+ m. We now assume 
the orbit of such a solution to be given by m — ö equa-
tions 

\J/'{x,u) = 0, i=l, ...,m — ö 

rank = m — o. 
cu 

After an appropr ia te rearrangement of the c o m p o -
nents of u, this can be solved locally for some of them: 

uj = ip(x , u1,..., us), j = ö + l,..., m. 

Theref rom we get 

dr i dr v 

ox v =i du 
(2) 

N o w we can formulate Ovsiannikov's reduct ion 
theorem: 

If the / equat ions (1) together with the n(m — ö) 
equat ions (2) can be solved for all first derivatives in 
such a way that 

u{k = 4>{(x, u), j = l , . . . , m, k = l,..., n , 

then every partially invariant solution lying in the 
regarded orbit is reducible to an invariant solut ion 
with respect to some subgroup of G. For the proof 
see [1]. 

2. Partially Invariant Solutions of Quasilinear Systems 

In what follows, we consider a quasilinear system of 
first-order differential equations, that is a system of the 
form 

A(x, u) ux = B(x, u). (3) 

Here we use the matrix nota t ion: A(x,u) has to be 
read as an (l ,nm)-matrix, ux as an nm-column an d 
B{x, u) as an /-column. Suppose we are considering a 
symmetry g roup G of the geometrical dimension r* . 
The number of independent invariants of G is then 
given by t = n + m — r I n the case of a solvable Lie 
algebra, a set of independent invariants can easily be 
found by means of a procedure which we want to skip 
here (see [2]). Fo r the moment we denote them by 
/ } , . . . , / . ' . The orbit of a partially invariant solut ion 
forms an invariant manifold which by reason of the 
representat ion theorem [2] can be represented by 
p:= m — ö equat ions containing only invariants: 

with 

, p f c ( ; . 1 , . . . , ; . ' ) = 0, k=i,...,p 

6(<P 1 , . . . , W ) 
rank . , . , = p . ea1,...,;.') 
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This can be solved for p variables, e.g. 

+ i= 1 /i. 

In oder to in t roduce A1 , . . . , /.' as new dependent and 
independent variables into the system (3) we rename 
these variables as 

1 = (l1, , and 

(note that p + g = t). F o r their functional dependence 
on x and u we write £ = / ^ ( x , u) and rj—fix, u). The 
orbi t is now described by rj = ifr (£), but in the case of 
<5>0, we need fur ther equat ions to specify the solu-
tions. These, in general, will be non-invariant . For this 
purpose we preserve some of the old independent and 
dependent variables, the parametric variables, denoted 
by xp and up, where x p G l R " _ e and up e IRA The re-
maining are called the main variables: xh e R e , uh e IR". 
Hence we have x = ( x \ xp), u = (uh, up). There is in gen-
eral a certain f reedom in choosing the parametr ic vari-
ables, but we require the following condit ions to be 
fulfilled: 

9 / * 

- S -

d f 

Öl/ = / X ' a u1 = 0 . (4) 

Cases in which there is no possibility to satisfy (4) are 
excluded f rom fur ther computat ions . As a result of (4) 
we can solve the system 

£ = /«(x
h, x", up), rj = f ( x \ xp, u\ up) 

for the main variables 

x* = / * " ( & xp , up), uh =fu\xh, xp, r,, up). 

Any solution of (3) can be written in the form 

u = (uh, up) = cp(x) = {(ph(x), (p"(x)). 

F o r all solut ions lying in the regarded orbit, we can 
evaluate the funct ion (ph and its derivatives 
uh = cph(x) = / " h ( x , <M/*(x, cpp(x))), <pp{x)), 

h S <Ph(x) 

dx 

d f u h 

+ 
d f u h diA 

9x drj d£ 

d f ^ d f d c p " 

Sx dup 0x 
+ 

e / u h d(pp 

dup dx ' 

This yields equat ions in the prolonged space of the 
new variables conta ining up and up as parameters : 

„ df 
ui - 4 — + rj( dx 

d f u h 

drj dx dup 

df 

du 
(5) 

(note that we use a symbolic nota t ion omitt ing all 
signs of summat ion and indices). We now substitute 
this into the system of differential equat ions (3) and 
replace xh and uh by 

Xh = / * " ( £ , x", up), uh = f » h ( f x \ Z , xp, up), xp, rj, up). 

The resulting system can be written as an inhomoge-
neous linear system of equat ions in up with coefficients 
depending on the new variables and the parametr ic 
variables: 

L(£, rj, ris, up) up = P r j , x", up) (6) 

(read L as an (I, n (5)-matrix, up as an n (5-column and P 
as an /-column). This is called the active system be-
cause it can generate fur ther equat ions as condit ions 
for its solvability. At this point the reduct ion theorem 
is very useful: The active system is the composi t ion of 
the equat ions (3) and (5), corresponding to (1) and (2). 
If r ank(L) = n<5, it is solvable for all componen t s of up 

(and via (5) to all componen t s of ux) in the sense of 
linear algebra. If we assume that the orbit function i// is 
known, we can substi tute £=f((x, u), r] = i j / ( f ( ( x , u)), 

öiA 
, and the requirements of the reduc-

S = fHx,U) 

tion theorem are satisfied. This means tha t any solu-
tion which can be obtained f rom (6) will be an invari-
ant solution with respect to some subgroup of G. 
Therefore we have r ank(L) < nö as a necessary condi-
tion for p roper partially invariant solut ions to exist. 

3. The Reduced System 

In general, the active system will be over-deter-
mined and there are certain condit ions for its solvabil-
ity. Here we have to distinguish between two kinds of 
condit ions, which we call the consistency conditions 
and the integrability conditions. The former make sure 
the consistency of (6) in the sense of linear algebra 
(that is r ank (L) = rank (L, P)), the latter guarantee the 
symmetry of the second derivatives up

x. These condi-
tions can be derived in an algori thmical way f rom the 
matr ix (L, P). By elementary t ransformat ions of the 
rows and columns it is b rough t to the form 

1 0 . . . 0 o U q + 1 . . . a U S n 
0 •• 

0 . . 0 1 •  aq.Sn 

0 . . . . . 0 o . .. 0 Xq+ 1 

6 . . . . . 6 6 . .. 6 

(7) 
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where the coefficients a and x depend on (<!;, rj, rj^;xp, up). 
If l > q = rank(L), we get the consistency condi t ions 
directly f rom (7): 

*i(Z,rh1s>xp ,up) = 0 for i = q +1,..., / . 

It remains to find the integrability condit ions. Because 
of the complexity of the general problem we confine 
ourselves to the case of <5=1, which is exclusively 
treated in the rest of this paper. Then up is a 1-dimen-
sional variable and we can solve (6) with (7) for its 
derivatives 

ux' = Ti(£> f» rJs>xp, up) — £ aik(^r,,r,^xp,up)up
k, k = q+ 1 

i = l , . . . , < ? . (8) 
F r o m this we get 

exist fur ther invariants of p r ( 1 ) G which depend on the 
derivative variables. Nevertheless we want to assume 
also the integrability condit ions to be equivalent to 
condit ions of the form h J(£,ri,ri i ,ri i l ,) = Q. In practice 
this is true in most cases, and where it is not t rue we 
make it safe by addit ional conditions, being aware of 
the restriction of the set of solutions we get. The con-
sistency and integrability condit ions form a system of 
second-order differential equat ions in £ and rj, where 
£ e ]Re, r\ £ IR". Since g<n and p<m it is called the 
reduced system (or factor system). If g = 1, one gets a 
system of ordinary differential equat ions and for ^ = 0 
the system is algebraic. The reduced system will, in 
general, be easier to solve than (3). Any solution 

0T( at,. St,. \ / s a / « \ a r ; at,. 

• z 
k = q+ 1 

a o ; v a o1L + 
drj It + 

ao^ 

a rj. f « 
"S 

dxJ a up 

Ca ; l a <7; 

dxJ a up Z °ik Ux«xJ 
k = q+ 1 

We can evaluate up
x, 

f dx, a a / « \ dx j dx j 

- I 
x = q+ 1 

a<7x dO:x C<7: 

d£ a rj a t\t 

'a<f( a 
öxfc 

, 0ojx „ + ^ - Z Oj *"£«*>« • 
X = 4+ 1 

Analogously we get up
Jxi and it follows 

U$xJ-u$Jx* = A(Z>1h r l i> r1ii>XP ,Up ,Up)+ Z Z °ik°jk<*x«- Z Z °)k ""ix , 
k=q+l x = <j+l k=9+l x = <j+l 

where the terms with the second derivatives annula te 
one another . We subst i tute upi,..., by means of (8) 
and obta in integrability condit ions of the form 

>/, It, up,up
q + 1,..., up„) = 0, 

7 = 1 , . . . , 
q(q~ 1) 

The consistency and integrability condi t ions are satis-
fied by every solution with its orbit given by = 
As G is a symmetry group, every such solution is 
t ransformed to ano ther under the t ransformat ions of 
G. This means that the condi t ions themselves must be 
invariant under G or its first p ro longat ion pr ( 1 ) G. So 
the consistency condit ions, which do not depend on 
up, must be equivalent to condi t ions of the form 
k ^ , rj, rjz) = Q. This conclusion can not be d rawn in 
the case of the integrability condi t ions because there 

rj = ip (<!;) of the reduced system describes the c o m m o n 
orbit of some partially invariant solutions of (3). 
To find them we substitute rj = i l / ( f i ( x , up)) and 

t]s = — into the active system (6). In 
a£ s=ft(x,up) 

doing so it may be favourable to use the largely un-
coupled form (7). The result is a self-consistent quasi-
linear system of q partial differential equat ions for the 
dependent variables up e IR15, which we call the remain-
ing system. In the case of <5 = 1, its general solution will 
contain a free function of n — q variables. Any solution 
up = (pp(x) of the remaining system yields a partially 
invariant solution of (3) by the substi tut ions 

uh =fuh(x, iHfHx, cpp(x))), cpp(x)), up = cpp(x). 
In many cases we can get fur ther solutions f rom this 
by application of symmetry t ransformat ions which 
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are not conta ined in the normalizer of G. This proce-
dure is ana logous to that in the known case of invari-
ant solutions, therefore we omit the details (see [2]). 

4. Partially Invariant Solutions of the Ideal 
M H D Equations 

We consider the system of the two-dimensional 
non-s ta t ionary ideal M H D equat ions: 

g(ut + uux + vuy) + RH hhx + px = 0, 

g(vt + uvx + vvy) + RH hhy + py = 0, 

6T + UQX + VQy + Q(Ux + vy) = 0 , (9) 

ht + uhx + vhy + h (ux + vy) = 0, 

Pt + UPx + VPy + yp(ux + vy) = 0, 

where (x, y) are cartesian coordinates in the plane of 
mot ion , t is the time, (u, u) denote the velocity com-
ponents , g is the mass density (the double employment 
of the sign g for the rank of invariance and the density 
should not lead to confusion), h is the value of the 
magnet ic field which is assumed to be perpendicular 
to the (x, y)-plane, p is the gas pressure, y the adiabatic 
exponent and RH the magnet ic pressure number . All 
variables are writ ten in dimensionless quantit ies. This 
system conta ins 3 independent and 5 dependent vari-
ables, its maximal symmetry g roup G has been found 
by Fuchs and Richter [3]. In the case of y + 2 the 
cor responding Lie algebra is of dimension 9, it is 
spanned by the vector fields 

9 _ 8 
X , — — , Xi—t , X — 1 0X 2 9y 3 0 t ' 

X4=t — + —, 
dx 

9 

du 

X - t 8 8 X - 8 x 8 
5 dy dv' 6 ^ dx dy V du dv' 

0 0 0 0 9 
ox 9y du dv 9 g 

6 0 0 . 0 x 8 = t - - u — - v — + 2g—, 
dt du dv 9 g 

. 9 9 9 
X9=2g-~ + h—-+2p — . 

9 g dh dp 

In the special case of y = 2, the Lie algebra becomes 
infinite-dimensional, but for our purpose it will be 
sufficient to consider one other generator : 

0 , 0 
X * = Q d h - R " e h d p -

A great number of sub-algebras can be constructed by 
combina t ion of these generators, but some of them are 
equivalent in a certain sense. By doing this systemati-
cally one is lead to complete lists of non-equivalent 
sub-algebras for each dimension, called opt imal sys-
tems. These have been determined by Galas and 
Richter [4]. In what follows, we only consider some 
selected cases, confining ourselves to solutions of 
rank g = 1 and defect 8 = 1, that is, the reduced systems 
consist of ordinary differential equat ions and the re-
maining systems conta in only one single dependent 
variable. Since we have n = 3, m = 5 we get 

p = m — ö = 4, t = g + p = 5, r^ = m + n — t = 3 . 

So we have to use subgroups of G of geometrical 
dimension 3. The opt imal system offers a great variety 
of such subgroups, but most of them yield active sys-
tems with a coefficient matr ix L of rank 3. As shown 
earlier, all solutions which can be derived f rom such 
an active system are reducible to invariant solutions, 
therefore we are looking for subgroups leading to 
r a n k ( L ) < 3 . O n e may give a sufficient condi t ion 
which can be used to recognize such subgroups by 
their Lie algebras in the special case of our system. We 
omit the details here, but we should remark tha t all 
the groups used for reduct ion of the system have been 
choosen by means of this criterion. Therefore it is not 
surprising that all active systems have the rank 2 or 1. 

5. An Easy Example 

We consider the g roup G c G with its Lie algebra 
spanned by the generators 

9 9 

9 9 9 9 9 
9x 9y du dv 9 g 

Independent invariants of this g roup are t, v/u, u2 g, 
h, p, these become the new variables rj1,..., f/4. The 
only possible way to satisfy (4) is the choice <f; = t and 
xh = t. Morevoer we have to designate one paramet r ic 
dependent variable out of u, v, g (h and p are for-
bidden by (4)). As u and v are equivalent we set up = u, 
whereas the choice of g yields more complicated equa-
tions in the active system. Written in the above men-
t ioned nota t ion we have 

£ =fHx,y,t;u,v,g,h,p) = t, 
i v 

rj1 = f (x, y, t; u, v, g, h, p) = 
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r1
2=f2(x, y, t; u, v, q, h,p) = u2g, 

I3 = f \ x , y, t; u, v, g,h,p) = h, 

r1
4-=f"\x, y, t; u, v, g, h, p) = p, 

At this stage we can formulate the consistency con-
ditions immediately: 

t =f'{x, y, >/4; u) = 

v =fv{x,y,t;r]1,...,rj^;u) = rjxu, 
rj2 

Q = f e ( x , y, t;rj ,..., r]\ u) = — 
t r 

h =fh(x,y,t;rj\...,r]4-;u) = r]:i, 

p =fp(x,y,t;rj1,...,rj4-;u) = rj4-. 

By subst i tut ing the main variables v, Q, h, p and their 
derivatives according to (5) in (9), we get the active 
system 

rj2 

+ rj ' u m ) = 0 , 

to1)'-o, i f V y - f V y - o , 

r i 2 ( r ,*) ' -yr ,*( r , 2 y= 0 . 

Moreover we obta in 

Mv = -
(ri2)' 

-TUy, ut = 
(ri2)' 

Mw = — 
d {(I2)' 

d£ V 

_ (l2)' 
Uyt uty 2 ^> 

(rj2)' 
U,r = r - U, 

{r]1)' uy - rj1 u yt 

(11) 

r r 

and can derive the integrability condi t ion f rom 

I —^(rj1ut+(r]1)'u + rj1uux+ (rjl)2uuy) = 0, 

2 ri2 (rj2)' 
~J~ut + 

r 
.2 Ux 

ri ' r ,2 

u u u 

3v i , „1 

uv = 0, 

(rji)'+rji(ux+r1
luy) = 0, 

(r,*y+yr,4(ux + r,1uy) = 0, 

or in matr ix form (6) 

u rj1 u 1 0 
ru (V1)2« rj1 - f o 1 ) ' « 

ri2 nW 2 rj2 luA in2)' 
u2 u2 u3 1 Uy 1 — 

\ut } 
u2 

>/3 f V 0 
1 Uy 1 — 

\ut } 
- i*i3y 

y rf 0 , -U / 4 ) ' . 

L p 

Elementary t ransformat ions yield 

' l 0 rj1 

0 1 0 
0 0 0 
0 0 0 
0 0 0 

u, I = 

(ri2)' 
I 2 

(I2)' 
n 
('77 

i / V V - f V ) ' 
n

2{r,*Y-yri*(r,2y 

(10) 

(this is only correct for and but the latter 
is physically trivial because it is equivalent to a not 
identically vanishing mass density). 

We find 

utr = 
d 

d 7 

+ 

r 

(^y y 
» 2 / 

d / fa2)' 

, IV 1 ( i 2 ) ' — (f ) uy-rj1 — J - M j 

+ ^ —2~ 

= - — ^ r - + 
d£ V n 

(ri2)' V 

H 
-(rj'Yu,, 

so that with (11), the integrability condi t ion is equiva-
lent to 

dC \ rj 
0. 

This differential equat ion of second order and the con-
sistency condit ions (11) form the reduced system. It 
can easily be integrated by elementary methods and 
its general solution is 

f 1 = Q , >/2 = 
C, c, cA 

Substituting this into the active system (10) and with 
the re-substitution £ = t, we get the remaining system 
for u: 

ux + Q uy = 
1 

f + C s f + C , 

Solving the first equat ion by the me thod of character-
istics yields 

+f(y-C1x,t) 
t + C. 
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with an arb i t rary d i f f e r en t i a t e two-argument func-
tion f . By substi tut ing this into the second equat ion 
we get a differential equat ion for / : 

/, = - / 
t + Cs 

Its solution is 

f ( y - C l X , t) = 
g j y - C y x) 

t + Cs 

with an a rb i t ra ry differentiable function g. By re-sub-
sti tution we get a set of solutions of (9): 

u = 

Q = 

x + g(y-Ctx) 

t + C 5 ' 

C2(t + C5) 

(x + g i y - C y x)): 

v = C1 
x + giy-Cy x) 

t + C« 

h = 
t + C P = 

C . 

t + C, 

These solut ions are partially invariant under the 
g roup G. It can be shown that they are only reducible 
to invariant solutions with respect to some subgroup 
of G if the funct ions , F2, F3 with 

F1{z)=\-Clg'(z), F2(Z) = g'(z), 

F3(z) = zg'(z)-g{z) 

are linearly dependent , that is if g is constant or linear. 
Finally, we can get fur ther solutions of (9) by applying 
symmetry t ransformat ions which are not contained in 
the normal izer of G. In our case, these are the global 
t rans format ions according to the generators X4 and 
X 5 . Omi t t ing the details we give only the result: 

x — s4t + g(y — s5t — C1(x — e4t)) 
u

 = ^ 1- £ , t + C5 

x-s4t + g{y-£5t-C1(x-e4' t)) 
v = Q — ^ 1- £ , 

Q = C2 

h = 

t + C5 

t + C5 

(x — e*t + g(y — £51 — C!(x — e*f)))2 ' 

t + C<' 

P = 
CA 

t + C< 

where e4 and e5 can be regarded as parameters of the 
solution. These solutions are partially invariant under 
certain subgroups of G different f rom G for e4, e5 + 0. 

6. Further Examples 

In what follows, we list four other sets of partially 
invariant solutions of (9) together with the corre-
sponding g roup invariants, active systems, reduced 
systems and remaining systems. The general comput-
ing algori thm is the same as described in the previous 
paragraph , but there arise some particularit ies which 
we point out in each case. 

a) We consider the Lie algebra with the basis 
{Xj , X4, Independent invariants are 

£ = rj1 = vt—y, r]2 = g, rj3 = h, rj4 = p. 

We choose up = u, xh = t. The active system is 

r]2u 

r 
r,3 

4 
yi 

l 
i2(il+y) v2 

Uyl = 
u, - (>J3)' + 

(ril' + y j 

and we have rank (L) = 2. F o r u ^ 0, rj2 ^ 0 the reduced 
system is 

( 1 ^ = 0 , r , 2 ( r i 3 y - r , 3 ( r , 2 ) ' = 0, r ,2(r ,*) ' -yr ,*(r ,2) ' = 0, 

d 

r f 

with the general solution 

(l2)' 1 Y 
J " 0 n 

n2= 

rj3
 = 

The remaining system is 

1 

ri4
 = 

z(t+c5y 

Ur = 
t + C5' 

with the general solution 

x + g 

iy+c1)u,+ tut = -
t + C, 

t + C5 

where g denotes an arb i t rary differentiable function. 
After appropr ia te symmetry t ransformat ions we ob-
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tain the following set of solutions of (9): 

x sin e6 + cos e6 + Q 
x cos e6 — y sin £6 + g 

t-£' x sin e + cos e + C, , 
cos £ H r sin £ , 

t — £ 

x cos £6 — y sin E6 + g 
v = 

x sin £6 + y cos £6 + Cl 

x sin £ + y cos £ + C\ 
sin £ -I r cos £ , 

t — e 

C2 C4 _ / c4 Y 

Although we had found rank(L) = 2, for £3 = £6 = 0 these solutions are invariant under the subgroup of G with 
the generator X = —C5Xl + XA. This shows that r a n k ( L ) < 3 is necessary but not sufficient for the solut ions to 
be proper partially invariant, 

b) We consider the Lie algebra with the basis {XA, X5, X6}. Independent invariants are 

I; = t, ri^iut-xf+ivt-y)2, r\2 = g, f]3 = h, rf = p. 

We choose up = u, xh = t. The active system is 

1 — (ut — x)2 + y) 

|/ril-(ut-x)2 

t]2u(ut-x) t]2(y'ti1 - (ut-x)2 + y)(u t-x) 

t\/ril-(ut-x)2 

rj2(ut — x) 

\/'r]l-(ut-x)2 

ri3{ut-x) 

y'^-iut-x)2 

n*{ut-x) 
y 

]/ r\x - (ut—x)2 

rj2(ut — x) 

^^-(ut-x)2 

0 

0 

K I = 

0 

12(ri1)' 

2 f | / V — (ut — x)2 

(i3)'— 

and we have rank(L) = 2. Fo r rj1 — (ut — x ) 2 ^ 0 , t]2^0 the reduced system is 

d f(rj2)' , l \ / (rj2)' , 1 
( f | 1 y = 0 , //2 (ri3)' - ^ (r,2)' = 0, rj2 fo*)' - y ^ (rj2)' = 0, — I ^ - f + - ) - 2 +7l=0 

1 

with the general solution 
r 

1 /~< 2 2 ^ ri = C , , n = , ti 

The remaining system is 

u t — x 1 

C 3 4 
> n = 

c 

IK It. = 
y C 1 + x(wf —x) , «, + ( - + 

[ / Q - I u t - x ) 2 ' f + Q ' ' \ f f j / Q - f a r - x ) 2 / * «„ = 
t + Cc 

Its general solution can only be given in the implicit form 

C5 j + ^ ^ j / C j (ut x)2 g(u(tC5) x) = 0 
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with an arbitrary differentiate function g. After appropriate symmetry transformations we obtain the following 
set of implicit solutions of (9): 

C 
y-E2 f - £ 3 + C5 

5 t~E3 + 
t-Es 

1/C1 - (u(t-E3)-x + E1)2-g(u{t-E3 + C5)-x + s1) = 0, 

y - e2 + j / C x - (u (t - E3) - x + E1 )2 C, 
t-EJ 

h = 
C, 

(t — E3)(t — E3 + C5) ' 

Q = 

p = 

( r - e 3 ) ( r - e
3 + C 5 ) ' 

Q v 

( ; - £
3 ) ( ; - £ 3 + C5) 

For e 1 =£ 2 = e 3 = 0 these solutions are proper partially invariant if the expressions 1, g'(z), g(z)g'(z) + z with 
z = u(t + C5) — x are linearly independent, 

c) We consider the Lie algebra with the basis X5 + a X 4 , X7}. Independent invariants are 

£ = t, r,1 = ——, r,2 = (ut —ay)2 q, rj3=h, r]4= p. 
ut — ay 

We choose up — u, xh — t. The active system is 

rj2 u 1 2 2 iV | i y 

t(ux-ay) t(ut — ay)2 

(r,l)2rj2 . nlr,2y 

ri' 
(ut-ay)2 

rj1 rj2 u 
zr 1 -

(ut — ayY t(ut — ay) t(ut — ayy 

rj2(ut + ay) t]1t]2 2rj2 y 
(ut-ay)3 

ri3 

yr,4 

(ut — ay) (ut-ay)3 

(ut-ay)2 

r]1 rj2 

(ut-ay)2 

2rj2t 
(ut-ay)3 

0 

0 

U x \ 
U,, I = 

Kut 

Cnl)'ri2
 +n1ri2(arl

l-l) 
t(ut — ay) ' t2(ut — ay) 

Y]2 rj2(ar]l — \) 
(ut-ay)2 t (ut — ay)2 

~(ri3)' + t 

(>74)' + y 
ri (a 1 —\) 

and we have rank(L) = 2. For ut — ay ± 0, r,2^ 0, r,3^ 0 the reduced system is 
1 1 2 

( r J
l ) ' - r , l ^ L - = 0, r\2 fa3)' - rj3 {rj2)' + - r,2 ^(ar,1-1) = 0, J / 3 fa 4 ) ' -y >/4fa3)' = 0, 

d / f a 3 ) ' ar,1-1\ f(rj3)' ar,1-! \ 2
 + / a r f - l 

£ r 
uy = 0 . 

Here we have an example for the case that the inte-
grability condition depends on the derivative vari- The general solution of the reduced system is in case (i) 
able uy. In order to eliminate this difficulty we require 
additionally 

.iv , . i 

1 
a £ + C5 

C2 3 C3 
. V = 

c 

fa ) '+ >7 £ 
= 0. and the remaining system is 

1 1 
11, + - « =-——, u 

a t + C. Together with the first consistency condition this M 

yields two cases: w i t h t h e g e n e m l s o l u t i o n 

x + g(x — ay) 

t + Cs 

1 
(i) r,x = — for a + 0, (ii) ^ = 0 f o r a e R . 

a t + C« 
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where g denotes an arbitrary differentiable function. We don't give here the expressions of the obtained 
solutions by reason of their length. 

d) Finally, we consider the Lie algebra with the 
basis {Xl,X1 + 2X9,Xif} for the special case of 

Moreover we obtain 

x+g(x-ay) 
v = : ——, Q--

C2(t + C5) 

h = 

a(t + C5) 

C, 3 

t + C p = 

(xt + g{x ay)t ay(t + C5))2 y = 2. Independent invariants are 

C4 

t + C« . u , v Q A 2 
Z = t, r = - , f j — , r = —, r]4= — 

y y y y These solutions are proper partially invariant if the 
expressions 1,1 +g' (z), z g' (z) - g (z) with z = x - a y are We choose u" = h,xH = t. The active system is 
linearly independent. 

The general solution of the reduced system is in 
case (ii) 

rj1 = 0, 

ri3
 = 

,2 = ̂  
ri4

 = 
Q 

uz+c5y 

and the remaining system is 

1 
Mv = 

t+cy 
ut + — u= -

t+Cc 

with the general solution 

x + 
u = 

t + C, 

where g denotes an arbitrary differentiable function. 
Moreover we get 

V = —, Q = 
t 

C2t(t + C5) 

xt + g [ j ) t - a y ( t + C5 

h = 
C, 

f(r + C5) P = 
C 

t(t + C5) 

These solutions are proper partially invariant if the 
expressions 1, g'(z) — aC5,zg'(z) — g(z) with z = y/t are 
linearly independent. 

In both cases we can obtain further solutions by the 
following symmetry transformations: 

x -> x cos E6 — y sin e6— E4T, 

y -* x sin E6 + y cos e6— E5T — E2, 

t 

u < - (u + £ 4 ) COS E6 + (u + e5) sin E6, 

v «- — (u + £4) sin E6+ (y + e5) cos £6. 

0 0 0 
0 0 0 
0 0 0 

i1y t]2y 1 
i lyRHh -r,2yRHh -RHh 

^ V W + f V ) 
y3(ri3((ri2y+^2)2) + ^ ) 

y2(fo3) '+3»jV) 
-hr]1 

-yA(tfY+6ri2r,*) + RBh2ri2 

Here we have rank(L) = l. Therefore we obtain four 
consistency conditions but no integrability condition. 
For the reduced system is 

( ^ y + r , 1 ^ = 0 , ri*((ri2y+(ri2)2) + 4riA= 0, 

fo3)'+3»/V=0, (rj4)'+6r1
2ri4=0. 

A set of special solutions of this system is 

Ci A C^ 
n 

Q 
£2/3 

2 ^ 3 ^2 
1 " vr 18 f 4 

The remaining system consists of only one equation: 

Cyy 2 y 2h 
» . + T 3 - * . + 3 7 ' 5 7 

with the general solution 

where g denotes an arbitrary differentiable two-argu-
ment function. Moreover we obtain 

C2y2 

Q = 

p = 

Ciy 
T2/3 ' 

V = 
2 y 
3 R 

Q / 
18r4 RH 

2 y2 • i r-2/3 ,Ciyt 1 / 3 
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These solutions are proper partially invariant if the 
expressions 

dg{zl,z2) 
Z l dz2 ' 

z 2 6 g ( z l t z 2 ) I dg(zltz2) 2g(z1,z2) J _ 

zx dz2 dzj zx ' z\ 

with z1=y/t2/3, z2 = C1ytil3 — x are linearly indepen-
dent. 

7. Concluding Remarks 

We have shown that the concept of partially in-
variant solutions is suitable for the problem of finding 
exact solutions of a system of partial differential 
equations of a higher degree of complexity. All solu-
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